Abstract. Let X be a smooth scheme over a perfect field k of positive characteristic. M.V. Nori and V. Srinivas [5] studied infinitesimal liftings of Frobenius morphism F : X → X. Namely, given a Frobenius lifting
Introduction
Let k be a perfect field of characteristic p > 0, S = Spec(k) and X a smooth S-scheme. We consider liftings of the Frobenius morphism F : X → X ′ over the ring W n (k) of Witt vectors of length n ≥ 2. Namely,F :X →X ′ , whereX is a lifting of X overS = Spec(W n (k)) andX ′ is obtained by the base change with the Frobenius σ :S →S, induced by (a 0 , . . . , a n−1 ) → (a M.V. Nori and V. Srinivas [5] generalized this idea and proved the following: assume that we have a lifting of F : X → X ′ over W n−1 (k) which we denote by X/k ) = 0, then we can lift the Frobenius F : X → X ′ over the ring W (k) = lim ← −n W n (k) of Witt vectors. However, since H 1 (X, T X ⊗ B 1 Ω 1 X/k ) does not depend on n, we cannot distinguish the cases in which, for some n ≥ 2, liftings over W n (k) exist but lifting over W n+1 (k) is obstructed.
The aim of this paper is to modify Nori-Srinivas deformation theory to obtain a new theory that handle liftings of iterated Frobenius F ℓ : X → X ′ over W ℓ+1 (k)
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(ℓ ≥ 1). The idea is to consider a subclass of Frobenius liftingsF :X →X ′ that reduces to the iterated Frobenius F ℓ : X → X ′ and the image ofF * : Ω
, which apriori is contained in pF * Ω
1X /S
, is contained in p ℓF * Ω 1X /S
. We prove Theorem 1 (Theorem 24). Let k be a perfect field of char(k) = p > 0 and X a smooth k-variety. Then the obstruction of the (n − 1)th iterated Frobenius F n−1 : X → X ′ to be lifted toF over W n (k) such thatF * Ω
1X
′ ⊂ p n−1F * Ω 1X is given by a class in H 1 (X, T X ⊗ (F n−1 X ) * O X /O X ). Moreover, the set of liftings F :X →X ′ over W n (k) forms a torsor over H 0 (X, T X ⊗ (F n−1 X ) * O X /O X )). As an immediate application, we have Corollary 2 (Cor. 25). Let X be a smooth projective scheme over an algebraically closed field k of characteristic p > 0. Assume that we have
(1) Frobenius action on H 1 (X, T X ) is surjective, and (2) Frobenius action on H 2 (X, T X ) is injective, then we X can be lifted to W (k).
Theorem 3 (Cor. 31). A smooth scheme X over a perfect field k can be lifted over W n (k) if the natural exact sequence
splits.
The case of n = 2 is just a Frobenius splitting.
In section 2, we describe precisely the morphism f : Ω is induced fromF :X →X ′ . We develop a modified version of Nori-Srinivas deformation theory in section 3. Obstruction obs X for lifting X over W n (k) can be obtained from obstruction obs X,F n−1 for lifting X together with iterated Frobenius F n−1 by a kind of forgetful morphism. This fact is presented in Section 4.
2.1. lifting of iteratd Frobenius. Let k be a perfect field of characteristic p > 0 and X a smooth projective k-scheme. We consider the absolute or relative ℓth Frobenius morphism, F ℓ : X → X ′ (ℓ ≥ 1). For the relative iterated Frobenius F ℓ : X → X ′ , its lifting over W n (k) is a morphism, which is, for the simplicity of the notation, denoted byF instead ofF ℓ ,F :X →X ′ , whereX andX ′ are liftings of X and X ′ over W n (k) and the morphismF fits in the following diagram:
). This can be described at the ring level as
where, for the abuse of notation, we use the same notation of morphisms both for schemes and corresponding rings. This situation will be said "the (relative) iterated Frobenius liftingF is compatible with the Frobenius on W n (k)" or "the (absolute) iterated Frobenius lifting, which is the compositionW •F , restricts to the iterated Frobenius F ℓ Wn(k) on W n (k)". By by mod p reduction of the above diagram we obtain
In particular we have Proposition 4. If we consider the iterated absolute Frobenius
On the other hand, if we consider F to be the relative Frobenius, we havẽ
Proof. It suffices to show the relative Frobenius case. The diagram
that sends sections as
where x 0 is the image of x ∈ OX in O X ∼ = OX/pOX , immediately shows that we haveF (x ⊗ 1) = x p ℓ + pu(x) for some local section u(x) ∈ OX .
Example 5. Let ℓ = 1 and setF (b) = b p + pδ(b) for b ∈ OX ′ and a section δ(b) ∈ OX corresponding to b. Then the absolute Frobenius liftingW •F , at the ring revel, computes as
Notice that we have the following commutative diagram:
where f σ , for example, denotes applying σ for all the W n (k)-coefficients in f . Namely, F 1 and the Frobenius σ :
This is the meaning ofF :X →X ′ to be a lifting of F ℓ : X → X ′ over W n (k). Namely Definition 6. For a scheme X over a perfect field k of char(k) = p > 0 and ℓ = 1, let F ℓ : X → X ′ be the ℓth iterated absolute/relative Frobenius morphism. Assume that we have liftingsX andX ′ of X and X ′ respectively over the ring W n (k) of nth Witt vectors of k. Then the morphismF :X →X ′ is called a lifting of
n−1 is obtained by mod p reduction ofF , (ii)F is compatible with (or restricted to) the ℓth iterated Frobenius of W n (k).
Since relative and absolute Frobenius morphism related as above, there is no essential reason for distinguishing them. We will consider basically relative Frobenius morphisms and simply call them "Frobenius morphisms" in the sequel.
(F
. Assuming the existence of
Its mod p reduction is the 0-map (1), which implies
Proof. From the commutative diagram
). Here we understand pΩ
to be the set of finite sums in the form of
Since X is smooth over k so that automaticallyX is smooth over W n (k) and OX is locally isomorphism to
Hence, we can assume that f = aX α , and g = bX β , where a = (a 0 , . . . , a n−1 ), b = (b 0 , . . . , g n−1 ) ∈ W n (k) andX α andX β are monomial (without coefficients) of the local regular system of parameters X 1 , . . . ,
where ab = (c 0 , . . . , c n−1 ) ∈ W n (k) and then p(c 0 , . . . , c n−1 ) = (0, c
for any N ≥ 1 to be the set of finite sums of the terms in the form of = 0 for N ≥ n.
2.4. isomorphisms by multiplying p n−1 .
Lemma 8. For a liftingX of a smooth k-scheme X over W n (k), multiplication by p n−1 induces an isomorphism
and we have by the identification of a ∈ k with (a, 0, .
as required.
Corollary 9. Under the same assumption as in Lemma 8, we further set ℓ = n − 1.
Then we have an isomorphism
induced by multiplication by p n−1 .
Proof. As in the proof of Lemma 8, we can reduce to the case that f, g ∈ O X are in the form of f = aX α and g = bX β where a, b ∈ k are regarded as (a, 0, . . . , 0), (b, 0, . . . , 0) ∈ W n (k) andX α andX β are monomials in the regular system of parameters
where
we have in particular
Thus, we obtain 
).
for n ≥ 2.
Assume that such a liftingF exists. Then we have the following diagram:
to obtain the morphism
by the mod p reduction, to
Well-definedness of f is assured by the fact that the kernel of the mod p reduction pΩ
is sent byF
, which is 0 since p n W n (k) = 0.
2.6. description of f . Let x ∈ OX be a local section and x 0 its mod p reduction, i.e., the image of
is the Frobenius. Then we have
Proposition 10. For a liftingF :X →X ′ of F n−1 : X → X ′ satisfying (♯), there exists a local section u(x) ∈ OX depending on x such that
where f is as in (4).
Proof. The existence of u(x) ∈ OX satisfying the first equation is assured by Proposition 4. For every
, we compute using the diagram (3)
The last equation needs some explanation. The W n (k)-coefficients for the terms in
). Then by multiplying by 1/p n−1 we obtain (a 0 , 0, . . . , 0). Consequently, we have
, This means in particular that the W n (k)-coefficients of d(pu(x)) = pd(u(x)) are in the form of p n−1 (a 0 , . . . , a n−1 ) = (0, . . . , 0, a p n−1 0 ) and multiplying 1/p n−1 we obtain (a 0 , 0, . . . , 0), which are the
, which can be regarded as the section of F
2.7. f as iterated Cartier operator. We claim that the morphism f is essentially the same as iterated Cartier operator. For the Frobenius F : X → X (p) , we consider the following subsheaves of Ω i X/k [1] :
which satisfies the inclusions
We have 
X/k locally generated by the sections of the form x
X/k and the sections of the form ax
Now we have (4) induces the (n − 1)th iterated Cartier operator
Proof. By Prop. 10, we compute
which implies that f induces a morphism between the complexes: . . . . . .
Then we induced the morphism
By Proposition 11 we know that x
Remark 13. Note that If n = 2, then the H(f ) it self is the Cartier operator
3. Deformation Theory of W n -lifting
As in section 2 we consider in the following situation: let k be a perfect field of char(k) = p > 0 and F n−1 : X → X ′ the (n − 1)th iterated Frobenius morphism on a smooth k-variety X. Then we study the obstruction of F n−1 to be lifted to the ring of nth Witt vectors
The case of n = 2 is considered in the appendix of [5] , where it is proved that, for arbitrary m ≥ 2 the obstruction for lifting over W m , under the assumption of the existence of a lifting on W m−1 , is given by a cohomology class in H 1 (X, T X ⊗ B 1 X ). We consider Frobenius lifting over W m without the assumption of the existence of W m−1 -liftings. The following discussion is mostly a straightforward modification of that in the appendix of [5] . But we give proofs for the readers convenience.
3.1. affine case. In the following, we consider the case that X = Spec A where A be a commutative k-algebra and B a lifting of A over W n (n ≥ 2), i.e., B is a flat W n -algebra and B/pB ∼ = A. HenceX = Spec B is a W n -lifting of X.
3.1.1. certain automorphism of B defined by a derivation of A.
Proposition 14. Let ϕ : B → B be a W n -algebra automorphism such that
Then there exists uniquely a k-derivation δ : A → A such that
whereb is the image of b ∈ B in A ∼ = B/pB.
Since ϕ is a ring homomorphism, we have ϕ(
where the last equation is because all the W n -coefficients of δ(b 1 )δ(b 2 ) ∈ B vanish by multiplying by p 2n−2 since 2n − 2 ≥ n. Thus we have
This means that
which means that δ is a derivation of A.
lifting of iterated Frobenius on
Proposition 15. Consider a ring homomorphismF : B → B such that (a)F is compatible with the (n − 1)th iterated Frobenius σ n−1 :
We will callF : B → B as in Prop. 15 a lifting of the iterated (n − 1)th Frobenius 
for some ψ(b) ∈ B depending on b. Notice that we have pψ(b) ∈ pB ∼ = B/p n−1 B. SinceF is a ring homomorphism, we must havẽ
hence we must have the equation in pB ∼ = B/p n−1 B:
which implies
Similarly, we must havẽ
hence we have the equation
In section 2, we considered a restricted class of liftingsF : B → B that induces
which is induced by liftings of type
for some φ(b) ∈ B. By a similar discussion to the proof of Prop. 15, we have
Corollary 16. Consider a ring homomorphismF : B → B such that (a)F is compatible with the (n − 1)th iterated Frobenius on W n ,
A . (c) the morphism ψ as in Prop. 15 is in the form of ψ(u) = p n−2 φ(u) for some φ(u) ∈ B so that we can writeF as in (5) . Then such φ is characterized as a unique morphism φ :
whereb i is the image of b i in B/pB ∼ = p n−1 B( ∼ = A).
difference of two liftings of Frobenius.
Proposition 17. LetF ′ : B → B be another lift of the (n − 1)th iterated Frobenius F n−1 A on A as in Corollary 16. Then there exists a unique morphism η :
whereb denotes the image of b ∈ B in A ∼ = B/pB, such thatF ′ (b) =F (b) + p n−1 η(b) (∀b ∈ B) and we can regard η as an element of
Proof. By Corollary 16, we have a unique morphism φ, φ
Then we set η := φ ′ − φ and by Corollary 16(1) we have
and by Corollary 16(2) we have
Now since F ′ ≡ F (mod pB), both p n−1 η(b 1 ) and p n−1 η(b 2 ) are in pB and φ ′ (b 1 ) and φ(b 2 ) are in B/pB. Thus their multiplications are zero so that we have
SinceF is compatible with Frobenius (and also Verschiebung) on W n , we have
This means that the only the first element a 0 of a coefficient α = (a 0 , a 1 , . . . , a n−1 ) ∈ W n of b contributes to the value of p n−1 η(b). So we can replace b ∈ B by the imageb ∈ B/pB = A and we obtain (1) and (2) as desired.
Finally, since F ′ | A = F | A we have η| k = 0 so that η is an derivation over k of the Amodule A, whose A-module structure is given by (n−1)th iterated Frobenius 
Proof. We compute
where ( * 1 ) is obtained as follows: we have ϕ(
is a pth power of an element from A and δ is a derivation. Thus : A → A to B 2 and we have
by the assumption ϕF 1 −F 2 ϕ ≡ 0 (mod p n−1 B 2 ). Then by Proposition 18, the exists a derivation η :
Now since ϕ is identity on A = B i /pB i , we have ϕ(b 1 ) =b 1 . Thus we have (
Proposition 20. If we replace ϕ by another automorphism ϕ ′ with ϕ ′ ≡ ϕ (mod p n−1 B 2 ), then ϕ ′ = ϕ + p n−1 δ for some derivation δ : A → A, which is identified with an element from
is an automorphism of B 2 that is identity on B 2 /p n−1 B 2 . Thus by Proposition 14, we have a derivation δ : A → A such that
Now we set b 1 = ϕ −1 (b 2 ) and b 1 runs over all the elements of B 1 when b 2 ∈ B 2 runs. Moreover, both b 1 and b 2 = ϕ(b 1 ) has the same image in A since ϕ induces the identity on A, i.e.,b 2 = ϕ(b 1 ) =b 1 . Thus from (6) we have 
Proof. As in the proof of Prop. 19, we have
Hence by setting Ψ := ϕ
Then by Proposition 18, we have η − η ′ = ∆ p n−1 , where the derivation ∆ :
) and by the proof of Prop. 20 we know that ∆ = δ and we obtain η
Proposition 22. In particular, if A is reduced, an isomorphism ϕ : B 1 → B 2 with ϕF 1 =F 2 ϕ exists at most one. Moreover, the image of η with
is determined uniquely and independent of the choice of ϕ.
Proof. The (n − 1)th iterated Frobenius
Hence the induced morphism
is injective, where for δ and η, η ′ we consider in particular the following things:
as in the proof of (iii). By (7), we know that ϕF 1 = F 1 ϕ if and only if the corresponding η = 0. Thus we must have δ p n−1 = η − η ′ = 0 and the δ = 0 by injectivity, which means that Ψ = id, i.e., ϕ ′ = ϕ. Thus such ϕ exists at most one. On the other hand, by the short exact sequence
3.1.6. the case of smooth affine scheme. We recall the following well-known result.
Proposition 23. Let X be a smooth affine scheme over the field k together with the (iterated) Frobenius
Proof. By the infinitesimal lifting property, we have rigidity of smooth affine schemes,
At the same time, the Frobenius F : X → X ′ can be lifted toX → X ′ and then toF :X →X ′ as required.
3.1.7. Main Theorem. Now we state the first main theorem.
Theorem 24. Let k be a perfect field of char(k) = p > 0 and X a smooth kvariety. Then the obstruction of the (n − 1)th iterated Frobenius
is given by a class in
We take an open affine cover X = i U i together with (n − 1)th iterated Frobenius F n−1 U i : U i → U i , which can be lifted over W n (k) by Proposition 23:
Then there are isomorphisms ϕ ij : Y ij → Y ji that restrict to the identity id : U ij → U ji . Thus we can take ϕ ij to be such that ϕ ij = ϕ −1 ji . In the following, we denote, for example, the ring homomorphism O U → O U induced by the Frobenius morphism F : U → U also by F by abuse of notation.
, where we set U ijk = U i ∩U j ∩U k , we haveη ij +η jk =η ik and {η ij } is aČech 1-cocycle representing a class ξ ∈ H 1 (X,
. We claim that this ξ is the obstruction to lifting the (n − 1)th Frobenius F n−1 :
Conversely, assume that ξ = 0. Then there
induced by the short exact sequence
Then we liftη i to an element
Then we have
from (8) by Proposition 20 and Proposition 21. Using (9), (10) and noting that ϕ Moreover, we know from the above proof that the collection of such lifts (X,F ) forms a principal homogeneous space
As an application, we have Corollary 25. Let X be a smooth projective scheme over an algebraically closed field k of characteristic p > 0. Assume that we have (1) Frobenius action on H 1 (X, T X ) is surjective, and (2) Frobenius action on H 2 (X, T X ) is injective, then we X can be lifted to W (k).
Proof. We consider the long exact sequence
from the short exact sequence
O X /O X ) = 0 for all n ≥ 2, which means that we have liftings of X over W n (k) together with the liftings of iterated Frobenius on X.
Cor. 25 can also be deduced from Prop. 1 in Appendix of [4] with a similar proof. Unfortunately, we could not find examples of varieties X over k that can be lifted over W n (k) but not over W n+1 (k) for some n ≥ 2.
4. Obstruction to lifting X over W n (k) Let X be a smooth k-scheme together with the Frobenius morphism F : X → X ′ . The following is a modification of the similar results for in the case of n = 2 given in [6] .
Definition 26. Let n ≥ 2 be an integer.
(1) We define the Zariski sheaf Rel n (X, F ) on X as follows: for any open set ∀U ⊂ X we define
(2) We define the Zariski sheaf sc(C) n on X as follows: for any open set ∀U ⊂ X we define
Namely, the set of sections for the n − 1 th iterated Cartier operator C n−1 with the additional condition. Notice that a section for C n−1 satisfies
Hence in the special case of n = 2 sc(C n−1 ) is just the set of sections of the Cartier operator considered in section 3 of [2] .
Proof. The first claim has been proved in the proof of Theorem 24. For the second claim, we know immediately from the proof of Proposition 12 that sc(C n−1 ) is a torsor under Hom(Ω 
Rel(X, F ) n ∼ = sc(C n−1 ) holds if n = 2 (see Theorem 3.5 [2] ) but as we know from Proposition 27 when n ≥ 3 Rel(X, F ) n is larger than sc(C n−1 ) in general.
Proposition 28. We have a surjection Rel(X, F ) n → sc(C n−1 ) that is isomorphic for n = 2.
Proof. We construct such a morphism. Let (Ũ ,F ) be a lift of (U,
. Then we define a morphism
, wherex is the image of x inO U = OŨ /pOŨ and ψ : O U → O U is a suitable map. Then we set
for the pair (X, F n−1 ) having a lifting (X,F ) ∈ Rel(X, F ) n (X) is an extension
0 where the lower sequence is the push-out of the upper sequence with d and ι on F
11), and (ii) if the upper sequence obs X,F n−1 is non-split then so is the lower-sequence.
Hence, in particular, if obs X,F n−1 = 0 we have Rel(X, F ) n = sc(C n−1 ) = 0.
Proof. Straightforward from the definition of Rel(X, F ) n and sc(C n−1 ) and Proposition 28
Notice that, in the case of n = 1, both the upper and lower sequences in (i) of the above Proposition are just the following familiar sequence:
Proposition 30. By the connecting homomorphism
we have δ(obs X,F n−1 ) = obs X .
Proof.
Consider an open affine cover X = i U i and (Ũ i ,F i ) local liftings of (U i , F n−1 | U i ) to W n (k) that satisfies the condition (♯) forŨ i instead ofX. The lifting of U ij := U i ∩U j ⊂ U i will be denoted byŨ ij ⊂Ũ i and we have isomorphism ϕ ij :Ũ ij ∼ = →Ũ ji s.t. ϕ ij | U ij = id. Similarly we consider U ijk andŨ ijk . Then ϕ where the last equation is because ϕ ij :Ũ ij →Ũ ij is identity when reduced to X, i.e., ϕ ij | U ij and η ij is a morphism on O U ij . Im ∂ 2 η ր ց ι That it is the image of obs X,F n−1 by the connecting homomorphism derived from the short exact sequence E n−1 is clear from the fact that, in Yoneda ext functor, connecting homomorphism is the operation that makes a longer exact sequence by concatenating the sequence E n−1 .
